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Abstract: I propose a simulation-based method of approximately computing
Quantal Response Equilibrium. The method can also be adapted for Bayesian es-
timation of a game’s parameters, and can estimate Quantal Response Equilibrium
when multiple equilibria exist. I demonstrate this approximation and estimation
procedure using an Asymmetric Chicken game. Further examples are provided in
an online appendix.

1 Introduction
Quantal Response Equilibrium (QRE, McKelvey and Palfrey (1995)) has proven to be a useful
lens through which to analyze play by humans in games. This is true for both for making
predictions about play, and estimating parameters in a game from data. However QRE is an
extension of Nash equilibrium, and solving for Nash equilibrium is a PPAD-complete problem
(Daskalakis et al., 2009). These problems are believed to be hard to solve, but verifying that
a candidate solution is in fact a solution is easy. That is, we can write a system of equations
characterizing a QRE as follows:

0 = σ − q(σ, λ, θ) .= H(σ, λ, θ)

where σ is a mixed strategy profile (a stacked vector), q(σ, λ, θ) is the probabilistic best
response profile to strategy profile σ, λ is the choice precision parameter (either a scalar or a
vector), and θ is a vector of any other parameters that might be of relevance in the game.1
Since q is typically very easy to evaluate, verifying that a particular (σ, λ, θ) is a solution to
this equation is also very easy. Some popular choices of q in applications include the logit
and Luce (Luce, 1959) specifications, which are, respectively:
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logit: qi,j(σ, λ, θ) = exp(λui,j(σ, θ))∑
k exp(λui,k(σ, θ)) , Luce: qi,j(σ, λ, θ) = ui,j(σ, θ)λ∑

k ui,k(σ, θ)λ

where i = 1, 2, . . . , n indexes the player, j = 1, 2, . . . , Ji indexes player i’s actions, and
ui,j(σ, θ) is player i’s utility from taking action j given mixed strategy profile σ. These
specifications highlight both the difficulty in solving for a QRE (q is non-linear), and the ease
of establishing whether (σ, λ, θ) is a QRE (q is easy to evaluate). This paper describes how
this condition can be used to construct a probability distribution over σ whose modes are
quantal response equilibria. Simulation of this distribution then finds a good approximation
of these modes.

Extant approaches to computing QRE are many and varied, however perhaps the most
efficient of these is the predictor-corrector algorithm developed in Turocy (2005) and Turocy
(2010), described in detail with example code in Bland and Turocy (2026), and implemented
in Gambit (McKelvey et al., 2014).2 This algorithm starts at a known solution to the QRE
system of equations, then uses information contained in this system and its Jacobian to
trace out a “branch” of solutions. While the principal branch of the QRE is easily accessible
using the predictor-corrector algorithm because we can initialize it at the centroid (uniform
randomization and zero choice precision), other branches are not necessarily accessible unless
we already have a solution on that branch. Unlike the predictor-corrector algorithm, the
simulation-based approach discussed here does not require knowledge of a solution on a
branch in order to find that branch. Instead, it requires initial conditions of the Monte Carlo
chain used for the simulation to be closer, in some sense, to that branch than others.

Consider for example the “Asymmetric Chicken” game shown in Table 1.3 The locus of logit
QRE is shown in Figure 1. The locus is the set of mixed strategy profiles that constitute a
QRE (for any λ ≥ 0). Nash equilibria are labeled with an “N”, and the three points marked
“X” denote the logit Quantal Response Equilibria for λ = 1.5.4 In order to find all three
of these equilibria using the predictor-corrector algorithm, one has to know one solution to
H(σ, λ, θ) for each of the two branches. In principle, the branch on the left of this Figure
should be easily accessible because it starts at the centroid (in this case σUp = σLeft = 0.5 and
λ = 0). Therefore finding the QRE for λ = 1.5 on this branch is relatively straightforward.
However finding the QRE on the other branch requires knowledge either of one of the Nash

2Another approach seen in the literature is to (computationally) minimize H(σ, λ, θ)⊤H(σ, λ, θ) with
respect to σ (see for example pp148-149 of Goeree et al. (2016)). This is similar to the corrector steps
in the predictor-corrector algorithm, but does not take advantage of all of the information contained in
H(σ, λ, θ). Iterating on the sequence σt+1 = q(σt, λ, θ) (i.e. treating it as a contraction) may solve some
games, particularly when λ is small, but is unstable for many games.

3This game appears in Table 2.3 of Goeree et al. (2016). I use this game as an example for two reasons.
First for pedagogical reasons, while the techniques proposed in this paper are probably more useful for
more complicated games, choosing a 2-player 2-action game means that everything can be visualized in
two dimensions. Second, as an asymmetric game with multiple equilibria, it serves as possibly the most
pathological kind of 2-player 2-action game that one could reasonably take a QRE model to.

4I choose λ = 1.5 in this example because there are three logit QRE for this value. For smaller λ there
only exists one QRE, which is on the principal branch. For larger values of λ, the equilibrium on the principal
branch is closer to the pure-strategy Nash equilibrium at (0, 1), and the other equilibria are more spread out
along the non-principal branch.
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Table 1: Asymmetric Chicken game

Left Right
Up 0, 0 6, 1
Down 1, 14 2, 2

equilibria at the ends of this branch, or another solution to the QRE equation on this branch.
While finding all of the Nash equilibria of a 2-player 2-action game is not too strenuous, for
more complex games this can become analytically and computationally difficult. Therefore in
other games, we might not even know that an equilibrium on a branch like these even exists.
For this game, the method described in this paper sets up a probability distribution that
will have global modes at all three of these points. Finding an equilibrium simply requires
that the Markov chain is initialized near that equilibrium, and finding other equilibria can
be done through changing these initial values.

Figure 1: Locus of logit Quantal Response Equilibria in the Asymmetric Chicken game shown
in Table 1. Nash equilibria are labeled with an ’N’. Points labeled with an ’X’ denote logit
QRE corresponding to λ = 1.5

From here, it is relatively straightforward to estimate the parameters λ and θ using data
from play in the game using Bayesian techniques.5 This can be achieved by specifying a prior

5This is also true for the predictor-corrector algorithm. The computational burden comes from computing
the solutions to H(σ, λ, θ) = 0. Once these solutions are found, computing the likelihood of observing the
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for λ and θ, and in the special cases of logit and Luce error structures, can be estimated in
ignorance of the parameter λ.

While this process is certainly not slow, it is probably not recommended for applications
where the predictor-corrector algorithm works well.6 In particular if (i) we are only interested
in the principal branch (or we know there is only the principal branch), or (ii) we can
access other branches easily, then a simulation-based approach will be less precise and more
computationally intensive. Instead, it serves as an alternative approach for use when other
methods are less helpful.

2 An approximation through simulation
In this section, I describe a method of approximating QRE through Monte Carlo simulation
techniques. It relies on being able to sample σ from continuous probability distributions that
are characterized in the form:

log p(σ | λ, θ) = g(σ, λ, θ) + c(λ, θ)

where g(σ, λ, θ) is a function that we construct, and c(λ, θ) is a normalizing constant that
ensures that p(σ | λ, θ) integrates to one. In practice, we do not need to know c(λ, θ) in order
to sample from this distribution, and this is exactly how probabilistic programming languages
like Stan (Carpenter et al., 2017) accept information about probability distributions.7

In particular, consider the following (log) probability density function:

log p(σ | λ, θ) = −H(σ, λ, θ)⊤WH(σ, λ, θ) + c(λ, θ)

where W is a positive definite weighting matrix. Since H(σ, λ, θ) = 0 if and only if (σ, λ, θ)
constitutes a QRE, it follows that:

(σ, λ, θ) is a QRE ⇐⇒ log p(σ | λ, θ) = c(λ, θ)
(σ, λ, θ) is not a QRE ⇐⇒ log p(σ | λ, θ) < c(λ, θ)

In other words, p(σ | λ, θ) will have global modes at all quantal response equilibria, and will
have density strictly less than these modes elsewhere. Furthermore, these modes can be made
arbitrarily more peaked by multiplying W by a constant greater than one.

If there exists only one QRE mixed strategy profile σ satisfying H(σ, λ, θ) = 0, then this
distribution will be single-peaked, and the sampler will likely find this solution easily. On
the other hand if multiple σs solve the QRE condition, then the sampler may get stuck at
one of these solutions, and therefore not explore all equilibria. If one suspects that multiple

data is easy.
6All simulations for the Asymmetric Chicken example run on my laptop in about 2.5 minutes.
7This is also enough to define a target distribution for the Metropolis-Hastings algorithm.
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equilibria exist, it is therefore important that one runs the sampler starting from multiple
initial values in order to find these equilibria with a satisfactory probability. In fact, starting
a sampler from multiple initial conditions is best practice for Markov Chain Monte Carlo,
and is implemented by default in many languages.8 Furthermore, this provides us with an
opportunity to diagnose the existence of multiple equilibria, as Monte Carlo chains that
converge to different equilibria will likely be flagged with errors based on standard diagnostics
used to determine whether the sampler has worked. As I will demonstrate in the examples
below, the Gelman-Rubin statistic (Gelman and Rubin (1992), often denoted R̂) speaks
directly to this kind of non-convergence.

Figure 2 shows an example of solving for logit QRE in the Asymmetric Chicken game (Table
1) for λ = 1.5. Here I set the weighting matrix to W = wI, where I is the identity matrix
and w > 0 is a (scalar) tuning parameter. As w increases, the penalty for drawing samples far
away from a logit QRE grows, and so draws from each chain are closer to an equilibrium. This
Figure stresses the importance of both (i) appropriately choosing the tuning parameter, and
(ii) running several Monte Carlo chains starting at different initial conditions. For example,
selecting w = 100 explores too much of the mixed strategy space away from the equilibria.
For w = 101 we can see the chains starting to narrow down this region into areas that are
near the equilibria. For w = 102 and w = 103 each chain is either centered on the equilibrium
on the principal branch or mixes over the equilibria on the other branch, but we do not see
good separation between the two equilibria on this branch, which we begin to see for w = 104.
Finally, for w = 105 the chains’ draws are almost indistinguishable from the equilibria at the
resolution of the plot. If this excercise were performed using only one Monte Carlo chain
(instead of four), we would have either not approached any equilibrium with large enough
probability (if w was small), or only found one equilibrium (if w was large).

This exercise can also be performed without fixing λ in order to find the locus of QRE. That
is, taking our target distribution and combining it with a prior for λ yields:

p(σ, λ | θ) ∝ p(σ | λ, θ)p(λ | θ)
log p(σ, λ | θ) = log p(σ | λ, θ) + log p(λ | θ) + c(θ)

Sampling from this distribution will result in draws of σ that are spread out along the locus
of QRE. Adjusting p(λ | θ), the prior for λ, will place more or less probability on different
parts of the locus. As with finding equilibria for a given λ, starting multiple Monte Carlo
chains is important here, because the locus could consist of multiple, disjoint branches. A
single chain will likely explore one branch well, but will likely not discover all branches.

Continuing with the Asymmetric Chicken example (Table 1), Figure 3 shows draws from this
target distribution using a prior log λ ∼ N(log(0.1), 0.72). Just like the case with fixed choice
precision (Figure 2), choosing an appropriate weighting matrix and starting multiple Monte
Carlo chains at different initial conditions are both important.

8Stan (Carpenter et al., 2017) for example starts multiple chains by default.
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Figure 2: Simulation to find logit QRE for λ = 1.5 for various tuning parameters (w). Nash
equilibria are marked with an ’N’, and the logit QRE for λ = 1.5 are marked with an ’X’.
Each Monte Carlo chain is denoted by a different color.
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Figure 3: Simulation of logit QRE locus using a prior for λ. Each Monte Carlo chain is
denoted by a different color.

3 Eliminating choice precision in some special cases
In some important special cases, it is possible to further eliminate λ from the target distribu-
tion. This is because expressing the QRE condition in log probability differences can linearize
the problem. That is, for the logit specification of q, we can write the QRE condition as:9

0 =
n∑

i=1

Ji−1∑
j=1

(log σi,j+1 − log σi,j − λ [ui,j+1(σ) − ui,j(σ)])2

and for the Luce specification:

0 =
n∑

i=1

Ji−1∑
j=1

(log σi,j+1 − log σi,j − λ [log ui,j+1(σ) − log ui,j(σ)])2

Minimizing the right-hand sides of these with respect to λ ≥ 0 yields minimizers for the logit
and Luce specifications, respectively:

9Note that one could have constructed the function H(σ, λ, θ) using this log-probability difference repre-
sentation. In fact, this is advisable when using the predictor-corrector algorithm, because the problem is
more stable. In the cases studied here and the Appendix, I find no appreciable differences in the properties of
the sampler if I use this specification.
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λ̂logit(σ, θ) = max
{∑n

i=1
∑Ji−1

j=1 (log σi,j+1 − log σi,j)(ui,j+1(σ) − ui,j(σ))∑n
i=1

∑Ji−1
j=1 (ui,j+1(σ) − ui,j(σ))2

, 0
}

,

λ̂Luce(σ, θ) = max
{∑n

i=1
∑Ji−1

j=1 (log σi,j+1 − log σi,j)(log ui,j+1(σ) − log ui,j(σ))∑n
i=1

∑Ji−1
j=1 (log ui,j+1(σ) − log ui,j(σ))2

, 0
}

In fact, if (σ, λ, θ) is a (say) logit QRE, then λ̂logit(σ, θ) = λ. This means that this “estimate”
will correctly identify λ when σ is on the locus. Furthermore, the following target density:

log p(σ | θ) = −H(σ, λ̂(σ, θ), θ)⊤WH(σ, λ̂(σ, θ), θ) + c(θ)

will have global modes along the locus, and less density elsewhere. Put differently, conditional
on σ being on the locus, σ will be uniformly distributed along the locus.10

Figure 4 shows this technique applied to finding the locus of logit QRE in the Asymmetric
Chicken game (Table 1). Again, choosing an appropriate weighting matrix (so that draws
are close to the locus) and using multiple starting values (so that we find all branches with
sufficiently large probability) are both important considerations.

Figure 4: Simulation of logit QRE locus by eliminating λ. Each Monte Carlo chain is denoted
by a different color.

10This is similar to the prior calibrated for the logit equilibria in Bland (2026).
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4 Estimation
Now suppose that we have data y of action counts from play in our game. It is fairly
straightforward to transform our target distribution log p(σ | λ, θ) into a (data-augmented by
σ) posterior distribution over the game’s parameters λ and θ as follows:

p(σ, λ, θ | y) ∝ p(y | σ, λ, θ)p(σ, λ, θ)
= p(y | σ, λ, θ)p(σ | λ, θ)p(λ, θ)

log p(σ, λ, θ | y) = y⊤ log σ − H(σ, λ, θ)⊤WH(σ, λ, θ) + log p(λ, θ) + c

where y⊤ log σ is the log-likelihood of observing our data y conditional on (approximate)
QRE mixed strategy profile σ, and p(λ, θ) is the prior over the parameters λ and θ.11

Continuing with the Asymmetric Chicken example (Table 1), I simulate the posterior distri-
bution for three hypothetical datasets with 100 decisions each for the row and column players
using a prior of log λ ∼ N(log(0.1), 0.72) and a weighting matrix of W = 1, 000I.12 The
posterior draws for σ are shown in Figure 5. “D” denotes the empirical choice frequencies in
each dataset. As with the previous examples, we can see that different Monte Carlo chains
have found different branches of the logit QRE locus. For estimation though, this is a bug not
a feature: some chains which were initialized far away from the data have converged to local
modes of the posterior distribution. These local modes are, loosely, located at the “closest”
parts of the wrong branch of the locus. For example, in the dataset where 25% of row player
decisions are “Up” and 90% of column player decisions are “Left” (left-most panel), the data
are close to the principal branch, but the chain denoted with red dots has converged to a
region of the other branch. This is likely because this chain was initialized near this branch,
and could not in its warm-up overcome the large penalty associated with exploring the space
between the two branches. It is important to remember, though, that our understanding of
the problem (in particular that multiple equilibria may exist), can help us diagnose and solve
this issue. Firstly, the diagnostics for these chains show that the largest R̂ = 1.54, so we
will immediately know that the chains have not mixed well.13 Secondly, we can investigate
the target density of each chain.14 A summary of this is shown in the rightmost column of
Table 2. Chain 1 (first row of the Table) is the red chain in Figure 5, and we can see that
the posterior mean target log-density is much lower than the other three chains. This is
indicative of Chain 1 getting stuck at a local mode of the posterior distribution, and since
this variable is measured in log-units, it is in a much less likely region of the posterior than
are Chains 2-4. Furthermore, Chains 2-4 generally agree on λ and the equilibrium mixed
strategy profile. In this instance one should therefore discard Chain 1, and report summary
statistics based on the other chains.

11See Bland (2026) for a discussion of choosing appropriate priors in QRE applications.
12To see what these choices imply about the prior distribution of strategy profiles, see the bottom-left

panel of Figure 3.
13Stan computes this and other diagnostics by default. These chains were also flagged with problems with

the bulk and tail effective sample sizes, which is also indicative of non-convergence of the chains.
14In Stan, this (ignoring constants of proportionality) is output as a parameter called lp__ by default.
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Figure 5: Posterior draws from the logit QRE model and (hypothetical) data from the
Asymmetric Chicken game. ’D’ denotes empirical choice frequencies in the data, which
include 100 decisions for the row and column player each. Each Monte Carlo chain is denoted
by a different color.

Table 2: Summary statistics of the four Monte Carlo chains shown in the left panel of Figure
5

posterior means
chain Up Left lambda target log-density

1 0.90 0.67 3.17 -244.18
2 0.41 0.92 0.43 -104.52
3 0.42 0.92 0.41 -104.41
4 0.41 0.93 0.45 -104.56
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4.1 An alternative sampler for estimation
As mentioned above, Monte Carlo chains settling on different branches when we are estimating
a QRE is a problem. Here, we worry that a chain is stuck at a local mode in the posterior.
This mode is likely to occur on a branch different to the branch where the global mode is
located. The problem lies not with the target distribution, but with the sampler used to
draw from this distribution. To see this, note that samplers like Stan (which implements
Hamiltonian Monte Carlo) and the Metropolis-Hastings algorithm are local samplers. This
means that these samplers propose jumps for the next iteration that are centered on and
close to the current iteration. Hamiltonian Monte Carlo may be particularly trapped in local
modes because it is gradient-based, and will typically try to propose a next iteration that
travels up the gradient, whereas traversing between two branches requires initially moving
down this gradient.

One fix to this problem is to use a “population-based” sampler. One such sampler is the
Differential Evolution Markov Chain (DE-MC, ter Braak (2006), ter Braak and Vrugt (2008),
Hartig et al. (2023)). This approach initializes several chains at different points, and constructs
proposals that include differences between the chains. As such, one chain that is currently in
a low-density branch will have opportunities to jump to the high-density branch, as long as
at least one of the other chains is exploring that branch. Figure 6 replicates the estimation
exercise using the DE-MC sampler. Here we can see that all chains have found the global
mode near the data, irrespective of their starting point.

Of course, it is also possible that our target distribution for estimation has two or more
(roughly) equally important modes. This could be the case if the data fall somewhere in
between the branches, and so perhaps the model cannot distinguish between points on one
branch or another. This is not a problem as long as an appropriate sampler is used. For
example, the DE-MC sampler will cover these modes well. On the other hand, a local
sampler’s chains will likely get stuck in one mode. As such, it is important to use an
appropriate sampler if one suspects multiple branches.

5 Additional examples
I provide additional examples of these techniques with replication code in R (R Core Team,
2021) and Stan (Carpenter et al., 2017, Stan Development Team (2024)) here: https:
//github.com/JamesBlandEcon/ApproxQRE

These examples are:

• Generalized matching pennies games with and without risk-aversion using data from
Selten and Chmura (2008). This is a replication of parts of Bland (2026).

• The Volunteer’s Dilemma using data from Goeree et al. (2017), including participant-
level heterogeneity in parameter θ: warm glow volunteering and duplicate aversion.

• A first-price private value auction with risk-averse bidders (using simulated data)

The last two of these examples include an application of Bland (2023), which notes that in
some Bayesian games QRE can be computed by just focusing on the aggregate mixed strategy
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Figure 6: Posterior draws from the logit QRE model and (hypothetical) data from the
Asymmetric Chicken game, using the DE-MC sampler. ’D’ denotes empirical choice frequencies
in the data, which include 100 decisions for the row and column player each. Each Monte
Carlo chain is denoted by a different color.
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profiles (i.e. unconditional on a player’s type). This substantially reduces the number of
elements in H(σ, λ, θ).

6 Conclusion
Solving for Quantal Response Equilibrium is computationally difficult. This paper presents
a framework for approximately computing and estimating Quantal Response Equilibrium
models using Monte Carlo simulation. To simulate mixed strategy profiles that are close
to a QRE, we can construct a distribution whose global modes are QRE. Draws from this
simulation can be made arbitrarily close in probability to these modes by adjusting a tuning
parameter. If choice precision λ is fixed, each Monte Carlo chain in the sampler will likely
find one equilibrium. As a single chain will likely converge to an equilibrium that is “close” to
its initial conditions, initializing a chain to find an equilibrium requires less information than
(say) the predictor-corrector algorithm, which requires knowledge of an exact solution on the
QRE branch in order to find a particular solution. Multiple equilibria can be searched for by
running multiple Monte Carlo chains with different initial conditions, and in principle the
existence of multiple equilibria can be identified by standard Monte Carlo chain diagnostics.
Once we can sample from a QRE, it is relatively straightforward to estimate a QRE by
specifying priors on choice precision λ and any other unknown parameters that describe play
in the game, although some care needs to be taken in selecting an appropriate sampler for
this task.

In the Asymmetric Chicken example discussed above, the sampler was able to (i) find multiple
equilibria given a choice precision λ, and (ii) trace out the QRE locus. When taken to data
though, some of the good features of the sampler, namely finding multiple equilibria, stymied
estimation: chains can get stuck at local modes in the distribution. This problem can be
overcome by using a population-based sampler that is robust to multiple modes.

This method is perhaps more computationally intensive, but less user-intensive than imple-
menting the predictor-corrector algorithm. This is because the predictor-corrector algorithm
requires information about the Jacobian of the system of equations characterizing the equilib-
rium condition in addition to the system of equations itself. This must either be determined
analytically, or numerically approximated. When used for estimation, this method makes
no distinction between principal and non-principal branches. In some cases this could be a
benefit, because we can allow our data to select the branch that best represents play in our
experiment. In other cases where we may want to focus just on the principal branch, this
method may not be so useful. In these cases the predictor-corrector algorithm, which will
trace out one branch at a time, may be preferable for estimation.
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